Holomorphic manifolds over Cayley-Dickson algebras are defined and their embeddings and immersions are studied.
Introduction.
Real and complex manifolds are widely used in different branches of mathematics [10, 13, 20] . On the other hand, Cayley-Dickson algebras A r , particularly, the quaternion skew field H = A 2 and the octonion algebra O = A 3 , have found many-sided applications not only in mathematics, but also in theoretical physics [2, 5, 6, 7, 9, 14, 21] . Functions of Cayley-Dickson variables were studied earlier [15, 16, 17, 19] . Their super-differentiability was defined in terms of representing them words and phrases as a differentiation which is real-linear, additive and satisfying Leibniz' rule on an algebra of phrases over A r . A super-differentiable function on a domain U in A n r or l 2 (A r ) of A r -variables is also called holomorphic.
This article is devoted to investigations of A r -holomorphic manifolds.
Their embeddings and immersions are studied. Results and notations of previous papers [15, 16, 17, 19] are used below.
Main results of this paper are obtained for the first time.
2 Manifolds over Cayley-Dickson algebras 
Let X and Y be two R linear normed spaces which are also left and right A r modules, where 1 ≤ r, such that (1) 0 ≤ ax X ≤ |a| x X and xa X ≤ |a| x X and (2) ax j X = |a| x j X and
for all x, y ∈ X and a ∈ A r and x j ∈ X j . Such spaces X and Y will be called If a homomorphism h is bijective and from X onto Y so that its inverse mapping h −1 is also continuous, then it is called an isomorphism (R linear or of A v modules respectively).
Definitions.
We say that a real vector space Z is supplied with a scalar product if a bi-R-linear bi-additive mapping <, >: Z 2 → R is given satisfying the conditions:
(1) < x, x > ≥ 0, < x, x >= 0 if and only if x = 0; (2) < x, y >=< y, x >; (3) < ax+by, z >= a < x, z > +b < y, z > for each real numbers a, b ∈ R and vectors x, y, z ∈ Z.
Then an A r vector space X is supplied with an A r valued scalar product, if a bi-R-linear bi-A r -additive mapping < * , * >:
linear space with a real valued scalar product, (X j , < * , * >) is real linear isomorphic with (X k , < * , * >) and < f j , g k >∈ R for each j, k. The scalar product induces the norm:
An A r normed space or an A r vector space with A r scalar product complete relative to its norm will be called an A r Banach space or an A r Hilbert space respectively.
A Hilbert space X over A r is denoted by l 2 (λ, A r ), where λ is a set of the cardinality card(λ) ≥ ℵ 0 which is the topological weight of X 0 , i.e.
A mapping f : U → l 2 (λ, A r ) can be written in the form
where {e j : j ∈ λ} is an orthonormal basis in the Hilbert space l 2 (λ, A r ), U is a domain in l 2 (ψ, A r ), f j (z) ∈ A r for each z ∈ U and every j ∈ λ. If f is Frechét differentiable over R and each function f j (z) is holomorphic by each
is A r -holomorphic on its domain, where X is either A m r with m ∈ N or a Hilbert space l 2 (λ, A r ) over the Cayley-Dickson algebra A r .
Then M is called the A r -holomorphic manifold.
4. Proposition. Let M be an A r holomorphic manifold. Then there exists a tangent bundle T M which has the structure of an A r holomorphic manifold such that each fibre T x M is the vector space over the Cayley-Dickson algebra A r .
Proof. The Cayley-Dickson algebra A r has the real shadow, which is the Euclidean space R 2 r , since A r is the algebra over R. Therefore, a manifold M has also a real manifold structure. Each A r holomorphic mapping is infinite differentiable in accordance with Theorems 2.15 and 3.10 in [15, 16] .
Then the tangent bundle T M exists, which is C ∞ -manifold such that each fibre T x M is a tangent space, where x ∈ M, T is the tangent functor. If
where X is the A r vector space on which M is modeled,
is A r holomorphic on its domain, then its (strong) differential coincides with
A r holomorphic as well, consequently, T M is the A r holomorphic manifold. Indeed, the rank is rank[d z ψ j (z)] = 2 r m for each z ∈ U j and the dimension is bounded from above dim Ar ψ(U j ) ≤ dim Ar M = m. Moreover, ψ(z) = ψ(y)
for each z = y ∈ U j , since ψ j (z) = ψ j (y). If z ∈ U j and y ∈ M \ U j , then there exists a number l = j so that y ∈ U l \ U j , ψ j (z) = ψ j (y) = x j .
Let M ֒→ A N r be the A r holomorphic embedding as above. There is also the A r holomorphic embedding of M into (S 2 r m ) n as it is shown above, where (S 2 r m ) n is the A r holomorphic manifold as the product of A r holomorphic manifolds.
Let P R n denote the real projective space formed from the Euclidean space R n+1 , denote by φ : R n+1 → P R n the corresponding projective mapping.
Geometrically P R n is considered as S n /τ , where S n := {y ∈ R n+1 : y = 1} is the unit sphere in R n+1 , while τ is the equivalence relation making identical two spherically symmetric points, i.e. points belonging to the same straight line containing zero and intersecting the unit sphere. Consider A n r
as the algebra of all n × n diagonal matrices A = diag(a 1 , ..., a n ) with entries a 1 , ..., a n ∈ A r . Then A n r is isomorphic with the tensor product of algebras A n r = A r ⊗ R R n over the real field, where R n is considered as the algebra
where φ is extended from
and φ(xa) = φ(x)a for each a ∈ A r with |a| = 1 and every x ∈ R n+1 , also φ(
, where α j := x j / x , we pose an A r straight line < A r , x} := φ −1 (φ(x)).
That is the bundle of all A r straight lines < A r , x} in A N r is considered, where x ∈ A N r , x = 0, so that < A r , x} is the A r vector space of dimension 1 over A r , which has the real shadow isomorphic with R 2 r .
Fix the standard orthonormal base {e 1 , ..., e N } in A N r and projections on A r -vector subspaces relative to this base
.., N}, where
x j e j , x j ∈ A r for each j, e j = (0, ..., 0, 1, 0, ..., 0) with 1 at j-th place. In this base consider the A r -Hermitian scalar product
Let l ∈ A r P N −1 , take an A r -hyperplane denoted by (A N −1 r in [15, 16] ).
Let now M be a paracompact A r holomorphic manifold with countable atlas on l 2 (λ, K). Spaces l 2 (λ, A r ) ⊕ A m r and l 2 (λ, A r ) ⊕ l 2 (λ, A r ) are isomorphic as A r Hilbert spaces with l 2 (λ, A r ), since card(λ) ≥ ℵ 0 . Take an additional variable z ∈ A r , when z = j ∈ N. Then it gives a number of a chart. Each T U j is A r holomorphically diffeomorphic with U j × l 2 (λ, A r ).
Consider A r holomorphic functions ψ on domains in l 2 (λ, A r )⊕l 2 (λ, A r )⊕A r .
Then there exists an A r holomorphic mapping ψ j : M → l 2 (λ, A r ) such that ψ j : U j → ψ j (U j ) ⊂ l 2 (λ, A r ) is an A r holomorphic diffeomorphism. Then the mapping (ψ 1 , ψ 2 , ...) provides the A r holomorphic embedding of M into l 2 (λ, A r ).
